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Chevalley and Twisted Chevalley Groups



Algebraic Groups

Affine variety: A subset V C C" of common zeros of a collection of
polynomials {f1,...,fx} C C[x1,...,Xn].

Morphism: A map ¢ : X — Y of affine varieties whose coordinate
functions are given by polynomials.

A linear algebraic group over C is a group G that is also an affine variety
over C, such that the multiplication map m: G x G — G, given by

(a, b) > a- b, and the inverse map i : G — G, given by x — x~1, are
morphisms of varieties.

Examples: C, C*, GL,(C), and SL,(C).

Deep H. Makadiya (Bar-llan University) ~Automorphisms of Twisted Chevalley Groups Aug 27, 2026



Semisimple Algebraic Groups

A connected linear algebraic group G is said to be
(a) semisimple if every connected solvable normal subgroup of G is trivial.
(b) simple if it is semisimple & has exactly 2 connected normal subgroups.

Semisimple algebraic groups over C are classified by their root systems,
which determine their type, together with a sublattice of the
(fundamental) weight lattice containing the root lattice, which determine
their isogeny class.

Let ® be a (reduced) root system, and let A,q and A, denote the
corresponding root lattice and (fundamental) weight lattice, respectively.

Consider a lattice Ay such that A,y € A C Agc. The unique (up to
isomorphism) semisimple linear algebraic group over C associated with the
pair (¥, ;) is denoted by G.(®,C).
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The following table presents examples of simple linear algebraic groups
over C:

Type of ® Gsc(®,C) Gad(9,C)
A SLes1(C) | PSLiya(C) = PGL;(C)
By Spingp41(C) | SO2¢41(C) = PSO241(C)
@] Sp2¢(C) PSp,(C)
Dy Spin,,(C) PSOy(C)

Fact: Gyg(®,C) 2 Gr(®,C)/Z(Gx(®,C)) & Z(Gr(®,C)) 2 Ar/Asq.

Typeof ® | Ay | By | G | Dyya Dsy Es | E2 | Bs | 4 | G
Acfha | Zes | Zo [ Zo | Za | ZaxZa | Z5 | Zo | {0} | {0} | {0}

Hence Z(G,(®,C)) is finite, while Z(G,q(®P, C)) is trivial.

For a fixed root system @, the groups G.(®,C), associated with lattices
A (such that Ayg C Ax C Agc) are isogenous.
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Chevalley Groups

Fact: The group G;(®,C) is defined over Z.

Therefore, we can define the R-group G.(®, R) for any commutative ring

R with unity. This group is known as the Chevalley group of type ¢ over
R.

If 7 is such that A; = Ayq (resp., Ax = Asc), then G (P, R) = Ga4(P, R)
(resp., G (P, R) = Gsc(®, R)) is called an adjoint Chevalley group
(resp., universal (or simply connected) Chevalley group).

Type of ® Gsc(P, R) Gad(P, R)
Ay SLii1(R) | PGLe1(R)
B Spinge1(R) | PSO2¢41(R)
Ce Spae(R) PSp,(R)
Dg SpinzK(R) PSOM(R)
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Elementary Chevalley Groups

Let R be a commutative ring with unity and let ® be a root system. For
any root € ® and any element t € R, there is an element
xa(t) € Gr(®P, R) called transvection.

Roughly speaking, “the element x,(t) is given by exponential of certain
nilpotent elements associated with root « of the corresponding Lie
algebra”.

A subgroup of G;(®, R) generated by x,(t) (o € ®,t € R) is called
elementary Chevalley group of type ® over R and is denoted by
E-(P,R).
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Let G = Gsc(AE, R) = SLngl(R).
@ Root System:
¢={€,’—Ej|1§i7’éj§£+1}.

@ Root Elements: For oo = ¢; — ¢;, the root vector is X, = E; ;. The
corresponding root element is:

Xa(l’) =1+tXy =1+ tE,',j.
e Elementary Subgroup: E..(As, R) is the subgroup generated by

{xa(t) |a € &, t € R}.
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Twisted Root System

Let ® be a root system. Let A and ®T be the simple and positive root
systems, respectively. Let W be the corresponding Weyl group.

Assume that ¢ is of type Ay (¢ > 1),D; (£ > 4) or Eg.

Let p be a non-trivial angle preserving permutation of A. Then it can be
extended to a permutation of ©.

This p induces an automorphism of the corresponding Dynkin diagram.
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Root System | Graph Automorphism p | Order of p
An(n>2) 36— )
o—o0-
Dy (n>4) 2
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For each o € ¢, define

o(p)

o= Zp

0(p

where o(p) denotes the order of the automorphism p.

Define an equivalence relation "=" on ® by a = 3 iff & is a positive
multiple of 5.

Let ®, denote the collection of all equivalence classes [¢] for all o € ®.
Then forms a reduced root system.

We call @, a twisted root system. If type of ® is X and o(p) = n then
¢, ~"X.

Note that each [a] is a positive root system of type either A;, A2, A3 or
Ay. In this case, we denote [a] ~ A1, A3, A3 or Ay, respectively.
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Twisted Root System (continue)

Tpeof @ | o, | ot
2A2n_1 (n > 2) C,, Al A%
2A2,, (n > 2) B,, A% A2
2Dn (n > 4) Bn,1 A1 A%
3D, G | Al A3
°Es Fa A1 A7

Example: & is of type Az,—1 (n > 2) and o(p) = 2. Then &, is of type
Ch.

ai ) Qp_p Qp_1
o——o—
Qp
Q2p—1 QA2p—2 ' Qnt2 Qpt1
] [a2] lan—2] lan—1]  [an]
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Twisted Chevalley Groups

Let G(R) = G(®, R) be a Chevalley group over a commutative ring R.

Let o be an automorphism of G(R) of order 2 (or 3) which is the product
of a graph automorphism p and a ring automorphism 6 such that

o(o) = o(p) = o(6).

Define G,(R) = {g € G(R) | o(g) = g}. Then clearly G,(R) is a
subgroup of G(R), called a twisted Chevalley group.

Write E/(R) for the subgroup of G,(R) generated by x(4)(t) where

[a] € d,and t € Rio)- We call this an elementary twisted Chevalley
group.
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Let & ~ Asp.
Simply Connected Case:
@ Untwisted group: Gg.(®, R) = SLom+1(R)
@ Involution o: A+ QA tQ ! where Q is anti-diagonal with
alternating signs (1, —-1,1,...).
o Twisted group (Special Unitary):

Gseo (P, R) = SUszpmy1(R) = {A € SLomi1(R) | AQA' = Q.

Adjoint Case:
o Untwisted group: G,q(®, R) = PGLom+1(R).
o Twisted group (Projective Unitary):

Gad,o(®, R) = {[A] € PGLom41(R) | AQA" = AQ for some A € R }.

Aug 27, 2026
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|dentifying Certain Chevalley and Twisted Chevalley

Groups

Recall that
c=pof=0op.
We assume throughout that both p and 8 are non-trivial.

Question: What happens if one of them is trivial?

o If p=id:

Gro(P, R) = G (P, Ry).
o If § =id:

Gro(®, R) = G(®,, R).
o If pAid #6:

o If®, 3Dy and R =S x S, with 0(a, b) = (b, a), then
Gr (P, R) = GL(9,5).

o If®,~3Dsand R =5 xS x S, with 6(a, b,c) = (b, c, a), then
Gr.o(®, R) = G (, S).

Deep H. Makadiya (Bar-llan University) Automorphisms of Twisted Chevalley Groups Aug 27, 2026



Automorphisms of Chevalley and Twisted
Chevalley Groups



Standard Automorphisms of Untwisted Groups

Set G = G(R) := G(®, R) or E(R) := E-(®, R).

Inner: Let S O R. If g € Ng(5)(G), then the conjugation map iy of G is
called inner automorphism. It is called strictly inner if g € G.

Graph: An automorphism of the form ejp; + - -+ + expk is called graph
automorphism, where e; are mutually orthogonal idempotents and p; are
automorphism induced by symmetries of the Dynkin diagram of .

Ring: Any p € Aut(R) induces a ring automorphism of G(R), also
denoted by u.

Central: A homomorphism 7: G(R) — Z(G(R)) induces an
endomorphism x — 7(x)x of G(R), also denoted by 7. If 7 is an
automorphism, it is called a central automorphism. For adjoint and
elementary groups, these are trivial.

An automorphism of G is standard if it is a composition of inner, graph,
ring, and central automorphisms.
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Classifications of Automorphisms of Untwisted Groups

o Classical groups over fields: Initiated by Schreier and van der
Waerden (1928) for PSL, over fields, and further developed by
Dieudonné, Hua, O'Meara, and many others.

e Chevalley groups over fields: Steinberg (1960) provided the
classification over finite fields, later extended to arbitrary fields by
Humphreys (1969).

@ Over various classes of commutative rings: E. Abe, A. Klyachko,
V. Petechuk and others extended these classifications to various
classes of rings. Finally, E. . Bunina and co-authors finalized the
generalization to arbitrary commutative rings under mild conditions.

Theorem (E. |. Bunina)

Let R be a commutative ring and let ® be an irreducible root system of
rank > 2. Assume that 1/2 € R for types Ay, By (¢ >2), Co (¢ > 3), and
Fa, and that 1/6 € R for type Go. Then every automorphism of G.(®, R)
and of E;(®, R) is standard.

Deep H. Makadiya (Bar-llan University) Automorphisms of Twisted Chevalley Groups Aug 27, 2026



Automorphism of Twisted Groups

@ Over fields, the automorphisms of twisted Chevalley groups are
described by classical results of Steinberg and Humphreys.

@ Much less is explore over general commutative rings.

@ We have recently started a project to classify automorphisms of

twisted Chevalley groups:

[A] Groups of type A, (£ > 5) over local rings
[B] Groups of type A, (£ = 3, 4) over local rings
[C] Groups of type 2Dy (¢ > 4) over local rings
[D] Groups of type ?Eg over local rings

[E] Groups of type 3D, over local rings

[F] Groups of all types over commutative rings
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Type of Groups | Condition on R | Aut(E) & Aut(G) | Appear in
Local with 1/2 [A]
2 >
Ar (£ >5) CR with 1/2 Standard [F]
Local with 1/2 [B]
2 _ .
Ap (0 =3,4) CR with 1,2 Non-standard [F]
Local with 1/2 [C]
2 >
D, (¢ >5) CR with 1/2 Standard [F]
2p Local with 1/2 Standard [C]
4 CR with 1/2 | Standard with graph [F]
Local with 1/6 : [E]
3
Dy CR with 1/6 Special Standard [F]
Local with 1/2 D]
2
s CR with 1/2 Standard [F]

Standard: inner, ring and central.
Standard with graph: inner, ring, central and graph.
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Outline of the Proof for ?A,,,_1 over
Local Rings



Statements

Let R be a local ring with 1/2 € R and G = E ; ,(Ax, R). Then every
automorphism of G is a composition of a str/ctly inner automorph/sm and
a ring automorphism.

Let R be a local ring with 1/2 € R and G = E; (A2, R). Then every
automorphism of G is a composition of an inner automorphism and a ring
automorphism.

Let R be a local ring with 1/2 € R and G = Gy »(Ax¢, R). Then every
automorphism of G is a composition of an inner, a central, and a ring
automorphism.
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Modulo the Jacobson Radical

For simplicity, write
E(R) = Epqo(A2esR),  G(R) = Gaao(Aa, R).
Let J be the Jacobson radical of R, and let k := R/J be the residue field.

Let ¢ € Aut(E(R)). Then ¢ induces an automorphism @ of E(k) via the
following commutative diagram:

E(R) —X—— E(R)

Ay AJ
E(k) — E(k)
By the classical result of Steinberg,

g=igof,
where g € G(k) and f is a field automorphism of E(k).
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Reduction to Key Steps

Since the natural map
Ay G(R) — G(k)
is surjective, we can lift g € G(k) to g1 € G(R).
Set @1 1= iy;' o @. Then ¢y € Aut(E(R)) such that @; = f.

@ Step 1: There exist an element g» € GLy41(R,J) such that the map
P2 1= ljg,]-1 © (1 satisfies

©2 (hjay(—1)) = hpoy(—1) for all [a] € ®,,.

@ Step 2: There exist an element g3 € GLy41(R, J) such that the map
3 1= [gy]-1 © (2 satisfies

3 (Wa)(1)) = wiy(1) for all [a] € ®,,.
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o Step 3: There exist an element g4 € GLy41(R, J) such that the map
P4 1= l[g,]-1 © 3 satisfies

@4 (X(a)(1)) = x(a1(1) for all [a] € ®,,.

Set C; := gg3gs € GLy11(R, J). Then

1 = I[q;] © P4

[Cl] S Gad,o(q), R)_ 1

@ Step 4: There exists an automorphism p of the ring R such that
pob==0opuand

g04(X[a](t)) = X[a](,u(t)) for all [Oé] €d,and t € R[a]-
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Assuming that Steps 1-4 have been established, the map ¢4 is induced by
a ring automorphism . € Aut(R). Following the standard notation, we
also denote 4 by p.

Therefore,

SO - ig1 S 901 - igl o I[Cl] O/J“
Setting

g8 = gl[Cl] S Gad,a(¢7 R)7
we obtain

©=lgopu,
where iy is a strictly inner automorphism and  is a ring automorphism.

This completes the proof of the theorem.
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Thank You!
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