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Basic Notations

Let R be a commutative ring with unity.

Let G = SL(n,R) = {A € M(n,R) | det(A) = 1}.

Let {e; | i =1,...,n} denote the standard basis of R".
Define:

d={e—¢|1<i#j<n} — Rootsystem of SL(n, R)
¢t ={e—¢|1<i<j<n} — Setof positive roots
O ={e—¢|1<j<i<n} — Setof negative roots

Clearly,
=0T Ud, with &~ = -t
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The elements x,(t)

Fora=¢ —¢j € ® and t € R, define

10 ... ... 00
1 00
t
Xa(t):/,,+tE,'JZ .
0 0 10
0 0 01

Clearly, x,(t) € SL(n, R).

Observations:
Q@ If a € T, then x,(t) is upper triangular.
@ If a € ®7, then x,(t) is lower triangular.
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The Elementary Subgroup

Define

UT(n,R) = (xo(t) |a € T, t € R)
= the set of all upper triangular matrices in SL(n, R)

with 1's on the diagonal,
U (nR)=(xa(t) | €ed™, teR)
= the set of all lower triangular matrices in SL(n, R)

with 1's on the diagonal,

T(n, R) = the set of all diagonal matrices in SL(n, R).
Finally, define
E(n,R) = (UT(n,R), U™ (n,R)) = (xa(t) |« € D, t € R),

which is called the elementary subgroup of SL(n, R).

Deep H. Makadiya (IIT Bombay) Triangular and Unitriangular Factorization Aug 22, 2025



Relation between SL(n, R) and E(n, R)

If R = k is a field, then E(n, k) = SL(n, k).

Questions:
@ Does the equality E(n, R) = SL(n, R) hold for a general ring R?
Answer: No. (For example, take R = Z[v/—5].)

@ Find a class of rings for which this equality holds.
Answer: Semi-local rings, Euclidean rings, etc.

For n > 3, the subgroup E(n, R) is normal in SL(n, R), and the quotient
Ki(n,R) := SL(n, R)/E(n, R)

is called the Ki-functor of SL(n, R).
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Bruhat Decomposition

If R = k is a field, then the Bruhat decomposition holds for G = SL(n, R),
namely:
G= | BwB,
weWw
where:
e W= N(T(n,R))/T(n,R) is the Weyl group,
e B=B(n,R)= T(n,R)U"(n,R) is a Borel subgroup.

Question: Does the Bruhat decomposition hold for general rings?

Answer: It does not hold in general (not even for a local ring).
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Gauss Decomposition

One can consider a modified version of the Bruhat decomposition as
follows:

G=|J BwB= |J (TU")w(TU")
wew wew
C (TU+)(U+U_U+) (TU+) =TUTU UT.
On the other hand, it is clear that
TUTUUT C G.
Therefore,
G=TU U U" .

Such a decomposition is called the Gauss decomposition of G.
Conclusion: Bruhat decomposition = Gauss decomposition.

Question: For which class of rings does the Gauss decomposition hold for
the group G?
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Triangular and Unitriangular Factorizations

In general, one may ask: for which classes of rings does the following
decomposition hold?
@ Triangular factorization:

G=TUtu Uty ...U*.

It is well known that T = T(n,R) C (UTU-UtU-U*T)"L

@ Unitriangular factorization:
G=UTUUTU...U~

It is more natural to split this problem into the following two questions:
@ When does G = E hold?

@ When does E admit such a decomposition?
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Triangular and Unitriangular Factorization for SL(n, R)

Definition
A ring R is said to satisfy the stable range one condition (SRy) if, for any
a,b € R with aR + bR = R, there exists z € R such that a + bz € R*.

Examples: Semi-local rings (e.g., fields, local rings).

Theorem (N. A. Vavilov, B. Sury, and A.V. Smolensky, 2011-12)

Let R be a commutative ring with unity. If R satisfies the (SR1) condition,
then:

@ E(n,R)=T(n,R)UT(n,R)U~(n,R)UT(n,R), n=>2;

Q@ E(n,R)=U*(n,R)U (n,R)Ut(n,R)U (n,R), n>2.
Conversely, if (1) holds for some n > 2, then R satisfies the (SR)
condition.
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Remarks on Known Results

This type of result also holds for classical groups such as
Spin(2n+1,R), Sp(2n, R), Spin(2n,R), SU(2n, R).
For the case of SU(2n + 1, R), the result has not been proven in full

generality.

In 2013, A. Smolensky explored unitriangular decompositions of
SU(2n + 1, R) in the case where R = C as well as when R is a finite field.
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The group SU(n, R)

Let 0 : R — R be a ring automorphism of order 2.

For r € R, write 7 = 6(r), and for a matrix A = (a;;) € SL(n, R), set
A= (aj).

Let G = SL(n, R) and define

oc:G— G, A— J(AH)TT UL

where
0 O 0 0 -1
0 O 0 1 0
J=|0 0 -1 0 O
+1 0 0 0 O
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The group SU(n, R) (continue)

Define

SU(n,R) =G, ={A€ G|a(A)=A}={Ac SL(n,R) | A'JA = J}.
Also, set
US(n,R) = U"(n,R)N SU(n, R),
U;(n,R)=U(n,R)NSU(n,R),
E(n,R) = (U (n, R), Uz (n, R),
T!(n, R) = the set of all diagonal matrices in E.(n, R),
E,(n,R) = E(n,R)NSU(n, R),
T-(n,R) = T(n,R)N SU(n, R).
Fact: If n is even, then

T,(n,R) = T.(n,R).

For odd n, this need not hold in general.
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The group SU(3, R)

By definition,
SU(,R) ={A€SL(3,R) | A"UA = J},

where

Note that, the matrix

Moreover, set

o o
O o+
= n <

) € SU(3,R) < s=1t and tt=u+0.

Define
A(R) = {(t,u) € R? | tt = u+ u}.

A(R)* = {(t,u) € A(R) | u € R*}.
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For (t,u) € A(R), define

xy(t,u) = and x_(t,u) =

O O =
O = o~
Ll N

00
10
t 1

S el

Then both x(t, u) and x_(t, u) lie in SU(3, R). Note that

US(3,R) = {xy(t,u) | (t,u) € A(R)}, and
Uy (3, R) = {x-(t,u) | (t,u) € A(R)}.

For every r € R*, define

r 0 0
h(r)=10 771 0
o o 7t

Then h(r) € SU(3, R) and

T.(3,R) = {h(r) | r € R*}.
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Note that, for r € R* and (t, u) € A(R), we have
h(r) xo(t,u) h(r)™ = x4 (r2771t, rru) (H1)
h(r)x_(t,u) h(r)™* = x_ (r?‘2t7 r_lf_lu) . (H2)
Next, for every r € R*, define

0 0 r
w(r)= 0 —r71r 0].
L0 0

Then we have w(r) € SU(3,R). For r € R* and (t,u) € A(R), we have

w(r)xs(t, u) w(r)™t = x_ (=rF2t, (rF) u), (W1)
w(r)x_(t,u) w(r)™! = x4 (—r27_1t, rru) . (W2)

Moreover, for r;s € R* we have
h(r) = w(r)w(1), (HW1)
h(r) w(s) h(r)™t = w(r7s), (HW2)
w(r) h(s)w(r)~t = h(z71). (HW3)
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Special Stable Range One Condition

Recall that a ring R satisfies the (SRy) condition if, for any a, b € R with
aR 4+ bR = R, there exists z € R such that a4 zb € R*.

The condition aR + bR = R can equivalently be stated as: the vector
(a, b) € R? can be completed to a matrix in SL(2, R).

Definition

Let R be a commutative ring equipped with an involution 6.

@ A vector (a, b, c) € R3 is called special unitary completable if there
exists a matrix A € SU(3, R) whose first row is (a, b, ¢).

@ The ring R satisfies the special stable range one condition (SSRy) if,
for any special unitary completable vector (a, b, c) € R3, there exists
a pair (z1, ) € A(R) such that

a+ bz +cz € R”,

where A(R) = {(t,u) € R? | tf = u + @}.
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Examples of rings satisfying the (SR;) condition:

@ Semilocal rings (in particular, local rings and fields).

Examples of rings satisfying the (SSR;) condition:

@ Let R be a semilocal ring with an involution 6. Suppose that m = m
for all m € Max(R) and that A(R)* # (). Then R satisfies the
(SSR1) condition.

@ Let R be a local ring with an involution € such that A(R)* # 0.
Then R satisfies the (SSR;) condition.

@ Every field (with an involution) satisfies the (SSR;) condition.
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Triangular Factorization of SU(3, R)

Theorem (S. Garge and D. Makadiya)

Let R be a commutative ring with an involution 6. The following
conditions are equivalent:

O R satisfies (SSR1) condition,
@ SU(3,R) = T5(3, R)U; (3, R)US (3, R)U; (3, R),
@ SUGB,R) = T,(3, R)U: (3, R)U; (3, R)U; (3, R).

Outline of the proof.

(1) = (2). Let A= (a;) € SU(3, R).

Then the vector (ai1, a12, a13) is a special unitary completable.
Since R satisfies (SSRy), there exists (z1, z2) € A(R) such that

a1l + apz1 + a3z € R™.
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Define the matrix B = (bjj) by
B =Ax_(z1,2) € SU(3,R).

In particular, we have by = a11 + a1221 + a1322 € R*.

Next, define the matrix C = (c;j) by

byt b by1 by
C=x_ <_21, _ 3y 21b21> B € SU(3,R).
b1y b1 biibin

We observe that 1 = ¢33 = 0. Since C € SU(3, R), it follows that
c3p = 0 as well. By the same reason, C must have the form

C11 * *
C = 0 (c11)*1611 * = h(Cll)X+(>k7>k),
0 0 (E‘ll)_l

where x (%, %) € U} (3, R).
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Therefore, we conclude that

( b21 b bo1 b1
X_ — 4+ —
by1’ by b11b11

> “A- X_(fl, 22) = h(Cll)X+(*, *)
Rewriting A accordingly, we obtain:

A=x ( y %) - h(k) - xg (%, %) - x— (%, *)

TIxC (1) (%)) - xq (%, %) - X (%, %)
X4 (k%) - X (5, %)

R) Uy (3,R) U, (3, R),

wv

R)Ua(

as required.
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(2) = (1). Let (a, b,c) € R® be a special unitary completable vector.
Then, by definition, there exists a matrix A € SU(3, R) of the form

A=

b
*
*

* ¥ Q
* % 0O

By assumption, there exists r € R* and (z1, z2) € A(R) such that
A = h(r) x_(*, *) x4 (*, %) x_ (=21, 22).
Multiplying both sides on the right by x_(z1, z) yields
Ax_(Z1,22) = h(r) x_(*, *) x4 (*, *).
Comparing the (1, 1)-entry on both sides, we obtain
a+ bz +cz=rec R,

as required.
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(2) <= (3) : The equivalence of these statements follows directly from

the following identities:

w(1) SU(3, R) w(1)™* = SU(3, R)
w(1) T,(3,R)w(1)™! = T,(3,R)
w(1) UF (3, R)w(1)™! = U, (3,
w(1) U, (3, R)w(1)™! = U (3,

This completes the proof.
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since w(1) € SU(3, R),
by equation (HW3),
by equation (W1),

by equation (W?2).
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Triangular Factorization of SU(2n+ 1, R)

Theorem (S. Garge and D. Makadiya)
Let R be a commutative ring with an involution 6. Assume that
© R satisfies (SSR1) condition, if n =1,
@ R satisfies both the (SRy) and (SSR1) condition, if n > 2.
Then

EL(2n+1,R) = T.(n, R)U (n, RYUS (n, R)US (n, R),
= To(n,R)U; (n,R)U; (n,R)U; (n, R).

g

Deep H. Makadiya (IIT Bombay) Triangular and Unitriangular Factorization Aug 22, 2025



f-complete ring

By definition, we have

T.(2n+1,R) C T,(2n+ 1, R).

Under what conditions does the equality

T.(2n+1,R) = T,(2n+ 1, R)

hold?

Define
Bi(R) = {u € R | 3t € R such that (t,u) € A(R)*},
Bi(R) ={u€ R|3u,...,ux € Bi(R) such that u = uy - - - ux},

Ceven(R) = U BZE(R)
leN
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6-complete ring (continue)

Definition
Let R be a commutative ring with an involution 6.
@ We say that R is f-complete if Ceven(R) = R*.

@ If 3k € N such that Ceyen(R) = Bak(R), then we say that R has finite
C-length. The minimal such k for which this equality holds is called
the C-length of R.

o Every field is §-complete with C-length 1.

o Let R be a local ring. Assume that 2 € R* and R* N R, # (). Then
R is f-complete with C-length < 2.

A\
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Unitriangular Factorization of SU(2n+ 1, R)

Proposition
Let R be a 6-complete ring with C-length k. Then

T,(2n4+1,R) = T.(2n+1,R) C (U, (2n+1, R)U, (2n+1, R))k*1, (n > 1).

Let R be a commutative ring with an involution 6. Assume that

@ R is O-complete with C-length k and satisfies the (SSRy) condition if
n=1,

@ R is B-complete with C-length k and satisfies both the (SR1) and
(SSRy) condition if n > 2.

Then

E'(2n+1,R) = (US(2n+1,R)U, (2n + 1, R)TTUSf(2n + 1, R).
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Thank You!
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