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Chevalley Groups

Let L be a semisimple Lie algebra over C with a root system Φ. Consider
a Chevalley basis {Xα,Hβ | α ∈ Φ, β ∈ ∆}.

Let U be the universal enveloping algebra of L and let UZ be the Kostant’s
Z−form generated by all Xm

α /m! (m ∈ Z≥0;α ∈ Φ).

If π : L −→ gl(V ) is a representation of L, then there is a natural action
of U (resp., UZ) on V .

Fact

V contains a lattice M invariant under UZ, called an admissible lattice.
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Let R be a commutative ring with unity. Define V (R) = M ⊗Z R.

We wish to study automorphisms of V (R) of the form exp (tXα)
(t ∈ R, α ∈ Φ), where

exp (tXα) =
∞∑
n=0

tnX n
α/n!.

Write xα(t) for exp (tXα) and Xα for the group {xα(t) | t ∈ R}.

A Chevalley group G is the group generated by all xα(t) (t ∈ R, α ∈ Φ),
denoted by Gπ(L,R) or Gπ(Φ,R).

If π is an adjoint representation, then the corresponding group Gad(L,R)
is called an adjoint Chevalley group.

If π is a representation such that Λπ contains all the fundamental
dominant weights, then the corresponding group Guniv (L,R) is called a
universal Chevalley group.
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Examples

Type of Φ Gad Guniv

An PSLn+1 SLn+1

Bn PSOn+1 Spin2n+1

Cn PSp2n Sp2n
Dn PSO2n Spin2n
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Known Results

R. Steinberg1(1960) classified all the automorphisms of the finite
Chevalley groups over a field.

J. E. Humphreys2(1969) extended Steinberg’s work to the case of
infinite Chevalley groups.

E. Abe3(1993) further generalized it by considering Noetherian rings
with unity.

E. I. Bunina4(2012) extended Abe’s work by focusing on the
automorphisms of adjoint Chevalley groups over commutative rings
with unity.

1R. Steinberg, Automorphisms of finite linear group, Canadian Journal of Mathematics, Vol.
12, (1960), 606-615.
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Automorphisms of Chevalley Groups over a Field

Now we consider four special types of automorphisms of a Chevalley group
G = Gπ(Φ, k) over a field k .

(1) Inner automorphisms. Let g ∈ G . Then the mapping x 7→ gxg−1 is
an automorphism of the group G , that is denoted by ig and is called an
inner automorphism, induced by the element g ∈ G .

(2) Field automorphisms. Let θ : k −→ k be an automorphism of the
field k .

The mapping (aij) 7→ (θ(aij)) from G onto itself is an automorphism of
the group G , that is denoted by the same letter θ and is called a field
automorphism of the group G .

Note that for all α ∈ Φ and t ∈ k , an element xα(t) 7→ xα(θ(t)).
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(3) Graph automorphisms. We first consider the following example.

Let L = sl4(C), that is, Φ ∼ A3. Note that a Chevalley group
G = Guniv (A3,C) = SL4(C). Let ∆ = {α, β, γ} be a simple system and
Xα = E12,Xβ = E23,Xγ = E34. In this case,

xα(t) = 1 + tE12 =


1 t 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,

xβ(t) = 1 + tE23 =


1 0 0 0
0 1 t 0
0 0 1 0
0 0 0 1

 ,

xγ(t) = 1 + tE34 =


1 0 0 0
0 1 0 0
0 0 1 t
0 0 0 1

 .
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Now consider an automorphism ϕ : G −→ G given by A 7→ (At)−1.

The image of xα(t), xβ(t) and xγ(t) is given by
1 0 0 0
−t 1 0 0
0 0 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 −t 1 0
0 0 0 1

 ,


1 0 0 0
0 1 0 0
0 0 1 0
0 0 −t 1

 ;

respectively.

Let g =


0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0

 ∈ G . Define ψ = ig ◦ ϕ.

Then the image of xα(t), xβ(t), xγ(t) under this automorphism ψ is given
by xγ(t), xβ(t), xα(t); respectively.
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Observation:

α β γ

General case when Φ = An:

α1 α2

· · ·
αn−1 αn
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We now consider a general case. Let Φ be an indecomposable root system.
Let ρ be an angle preserving permutation of the simple roots.

If two root lengths occur in Φ, then assume k is perfect of characteristic p
(where p is the ratio of the square of the two root lengths).

If Φ is of type D2n and char k = 2, then assume ρ(Λπ) = Λπ.

Then there exists a unique automorphism of G (we denote it by the same
letter ρ) such that for every α ∈ Φ and t ∈ k ,

ρ(xα(t)) =

{
xρ(α)(ϵ(α)t) if α is long or all roots are of one length,

xρ(α)(ϵ(α)t
p) if α is short.

Here ϵ(α) = ±1 for all α ∈ Φ and ϵ(α) = 1 for all α ∈ ∆.

Such an automorphism is called a graph automorphism.
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(where p is the ratio of the square of the two root lengths).

If Φ is of type D2n and char k = 2, then assume ρ(Λπ) = Λπ.

Then there exists a unique automorphism of G (we denote it by the same
letter ρ) such that for every α ∈ Φ and t ∈ k ,

ρ(xα(t)) =

{
xρ(α)(ϵ(α)t) if α is long or all roots are of one length,

xρ(α)(ϵ(α)t
p) if α is short.

Here ϵ(α) = ±1 for all α ∈ Φ and ϵ(α) = 1 for all α ∈ ∆.

Such an automorphism is called a graph automorphism.
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(4) Diagonal automorphisms. Let fα ∈ k∗ for all simple α. Let f be the
homomorphism from Λr into k∗ given by α 7→ fα. Then there exists a
unique automorphism ϕ of G such that ϕxα(t) = xα(fαt) for all α ∈ Φ.
An automorphism of this type is called diagonal automorphism of the
group G .

Theorem (Steinberg, Humphreys)

Let G be a Chevalley group such that Φ is indecomposable and k is
perfect. Then any automorphism of group G can be expressed as the
product of an inner, a graph, a diagonal and a field automorphism.
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Automorphisms of Chevalley Groups over a Ring

An inner, a ring and a graph automorphism in this case can be defined in a
similar manner.

(4′) Central automorphisms. Let Z (G ) be a center of G = Gπ(Φ,R),
τ : G −→ Z (G ) be some homomorphism of groups. Then the mapping
x 7→ τ(x)x from G to itself is an automorphism of G , that is denoted by τ
and called a central automorphism of the group G .

Theorem (Bunina)

Let G = Gad(Φ,R) be an adjoint Chevalley group over a commutative ring
R with unity. Assume that Φ is indecomposable with rank > 1. Suppose
that for Φ = A2,Bl ,Cl or F4 we have 1/2 ∈ R, for Φ = G2 we have
1/2, 1/3 ∈ R. Then any automorphism of group G can be expressed as
the product of an inner, a graph, a central and a ring automorphism.
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Twisted Chevalley Group

Let G = Gπ(Φ,R) be a Chevalley group over a commutative ring R.

Let σ be an automorphism of G which is the product of graph
automorphism ρ and a ring automorphism θ such that o(σ) = o(ρ).

Define Gσ = {g ∈ G | σ(g) = g}. Then clearly Gσ is a subgroup of G .

Let U (resp., U−) be the subgroup of G generated by xα(t) for every
α ∈ Φ+ (resp., α ∈ Φ−) and t ∈ R.

Define Uσ = U ∩ Gσ and U−
σ = U− ∩ Gσ.

A subgroup G ′
σ = ⟨Uσ,U

−
σ ⟩ of Gσ is called a twisted Chevalley group

over R.
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Automorphisms of Twisted Chevalley Groups over a field

Now we consider the automorphisms of the twisted groups. As for the
untwisted groups, diagonal automorphisms and field automorphisms can
be defined for twisted groups.

Theorem

Let G ′
σ be a twisted Chevalley group over a perfect field k. Assume that σ

is not the identity. Then every automorphism of G ′
σ is a product of an

inner, a diagonal, and a field automorphism.

Remark

Observe that graph automorphisms are missing. Thus the twisted groups
cannot themselves be twisted, at least not in the simple way we have been
considering.
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Thank You!

Deep Makadiya (IIT Bombay) Automorphisms of Chevalley Groups July 5, 2023 17 / 17


	Brief introduction to the Chevalley groups
	Review some known results
	Explore some special types of automorphisms
	Twisted Chevalley groups and their automorphisms

